D. H. Hoang, N. H. Tan | Vé su ton tai diém bit dong chung ctia cdp dnh za T-Cyclic co...

VE SU TON TAI DIEM BAT PONG CHUNG
CUA CAP ANH XA 7T-CYCLIC CO KIEU HARDY-ROGERS
TRONG KHONG GIAN »-METRIC NON

Dinh Huy Hoang (), Nguyén Hoang Tan (2
L Vien Su pham Ty nhién, Truong Dai hoc Vinh
2 Cao hoc khéa 26 chuyén nganh Todn Gidi tich, Truong Dai hoc Vinh
Ngay nhan bai 14/7/2020, ngay nhan dang 23/9/2020

Tém tat: Trong bai bao nay, ching toi gidi thieu khai niem cip anh xa T-
cyclic co kiéu Hardy-Rogers va thiét 1ap sy ton tai diém bat dong chung ctia cip
anh xa nay trong khong gian b-métric nén. Két qua ctia ching to6i 1a mé rong ciia
mot s6 két qua tuong tu trong [3, 6].

Tt khéa: Diém bat dong chung; anh xa T-cyclic co kiéu Hardy-Rogers; khong
gian métric non.

1 MG&G dau

Khai niém anh xa cyclic duge W. A. Kirt va cac cong su ([8]) dua ra va nghién citu vao
nam 2003 v6i muc dich mé rong Nguyén 1y anh xa co clia Banach cho 16p cac anh xa khong
lien tuc. Tit d6, van dé vé su ton tai diém bat dong ciia cac anh xa cyclic théa man diéu
kién co nao d6 trong khong gian métric hay trong cac khong gian tong quat hon nhut khong
gian métric nén, khong gian b-métric da dude nhiéu nha toan hoc quan tam nghién ciu va
thu duge nhiéu két qua xem ([1, 3, 6, 8, 10]). Vao nam 2016, dé mé rong mot s6 két qua veé
diém bat dong clia cic 4nh xa co yéu kiéu Chatterjea trong khong gian métric c6 thi tu bo
phan, M. Dinarvand ([3]) d& dua ra khai niem cip anh xa cyclic (v, p, 4, B)-co yéu kiéu
Chatterjea va chiing minh sy ton tai diém bat dong chung ctia cip anh xa nay trong khong
gian b-métric ¢6 thit tu bo phan. Trong bai bao nay, dé mé rong két qua ctia M. Dinarvand
([3]) va mot vai két qua trong ([6]) cho khong gian b-métric nén, ching t6i dinh nghia khai
niém cap anh xa T-cyclic co kiéu Hardy-Rogers va chitng minh sy ton tai duy nhét diém
bat dong chung clia cip dnh xa nay va clia cap anh xa (A, B)-ting yéu trong khong gian
b-métric noén.

Dau tién, ching ta nhic lai mot s6 khéi niem va két qué co sé.

1.1 Dinh nghia. ([2]) Gid st F 1a mot tap khac rong va s 1a s6 thyc s > 1. Ham
d:F x F — [0;00) dugc goi 1a b-meétric trén F néu v6i moi u,v,t € F, ta c6

i) d(u,v) =0< u=v;
i) d(u,t) <sld(v,u)+d(v,t)] v6i moi u,v,t € F,;

iii) d(u,v) = d(v,u) v6i moi u,v € F.
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Tap F cung v6i mot b-métric trén né duge goi 1a khong gian b-métric v6i tham sb s, ta noi
gon 1a khong gian b-métric va ky hiéu (F,d) hoac F.

Chi y. 1) Tit day vé sau, khi néi t6i khong gian b-métric ta luon hiéu tham s6 ciia n6
la s > 1.

2) T dinh nghia vé khong gian métric va khong gian b-métric ta thiy ring khong gian
métric la truong hgp déc biét cia khong gian b-métric khi s = 1.

3) Ldp cac khong gian b-métric that sy rong 16n hon 16p céc khong gian métric.

1.2 Dinh nghia. ([4]) Cho X la khong gian Banach trén truong s6 thyc R. Mot tap con
P ctia X dudc goi 1a nén trong X néu

i) P dong, P+, P # {0}
ii) V6i moi a,b € R,a,b >0 va u,v € P thi au + bv € P;
iii) Neuu e Pva —u e P thiu=0.

1.3 Chu y. ([4]) Cho P la nén trong khong gian Banach X. Trén X ta dinh nghia quan
hé tht ty < dugce xac dinh bdéi P nhu sau: v6i moi u,v € X

u<vesov—u€eP.

Ta viét v < v néu u < v vd u # v, vi viét u < v néu v — u € intP, trong d6 intP 1a ky
hiéu phan trong ciia P.

1.4 B dé. ([4]) Gid st P la nén trong khong gian Banach X a,b,c € X, va {un}, {v,} la
cac day trong X, o la so6 thuc duong. Khi dé,

i) Néua<bwvab<ctha<c

ii) Néua <bwvab<cth a<c

iii) Néu a < b,c < d thia+c<b+d;

i) aintP C intP;

v) Véi méi 6 >0 vau € intP, ton tai 0 < vy < 1 sao cho ||yu|| < d;

vi) Véi moi ¢y € intP va co € P, ton tai d € intP sao cho c; < d va cp < d;
vii) Véi moi ¢, co € intP, ton tai e € intP sao cho e < c1 va e <K Ca;
viii) Néu a € P va a < u vdi moi u € intP thi a = 0;

iz) Néua < Xa vdia€ P,0<\<1 thha=0;

z) Néu 0 < u, <v, véi méin € Nva lim wu, =u, lim v, =v thi 0 < u < v.
n—oo n—oo
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1.5 Bo6 dé. ([4]) Gid st P la non trong khong gian Banach X va {u,} la day trong P. Khi
dé, néu u, — 0 thi moi c € intP, ton tai ng € N sao cho u, < ¢ vdi moi n > ng.

1.6 Dinh nghia. ([5]) Gia si F la tap khéc rong, P la nén trong khong gian Banach thuc
Xvahamd: F x F— X.Ham d dudc goi la b-métric nén trén F néu ton tai s > 1 sao
cho véi moi u,v,t € F ta c6

i) d(u,v) € P (tic 0 < d(u,v)) va d(u,v) =0 < u=wv;
i) d(u,v) =d(v,u);
iil) d(u,v) < sld(u,t)+d(t,v)].

Tap F' cung v6i mot b-métric nén d trén né duge goi la khong gian b-métric nén véi tham
s6 s va duge ky hieu béi (F,d).

1.7 Cha y. ([5]) 1) Trong Dinh nghia 1.6, néu s = 1 thi ta dugc dinh nghia métric nén va
khong gian meétric non. N6i cach khéc, khong gian métric nén la truong hgp dac biét cua
khong gian b-métric nén khi s = 1.

2) Ton tai nhitng khong gian b-métric nén ma khong phai 1a khong gian métric nén.

3) Trong Dinh nghia 1.6, néu ta lay X = R, P = [0,00) thi ta dugc dinh nghia khong
gian b-métric. Nhu vay khong gian b-métric la truong hgp dac biét cha khong gian
b-métric non.

1.8 Vidu. ([5]) Lay X =R} P = {(u,v) € X :u,v >0}, F=Rvad: F x F— XIla
ham xac dinh béi

d(u,v) = (|u—v|5,a\u—v|ﬁ> ,V(u,v) € F x F,

trong dé6 a, 3, 1a hai hang s6, a > 0,8 > 1.
Khi d6, (F,d) 1a khong gian b-métric nén véi tham s6 s > 2% > 1 nhung (F, d) khong
phai la khong gian métric non.

1.9 Dinh nghia. ([5]) Gia st (F,d) v6i tham s6 s > 1 la khong gian b-métric nén, u € F
va {u,} la day trong F.

i) Day {u,} dugc goi 1a hoi tu tdi u va duge ky hieu lim w, = u hodc u, — u néu véi
n—oo

moi ¢ € intP, ton tai s6 tu nhién n. sao cho

d (un,u) < ¢,¥n > ng;

ii) Day {u,} dugc goi 1a diy Cauchy néu v6i moi ¢ € intP, ton tai s6 tu nhién n. sao cho

d (una Um) << c? vm7 n 2 nc;
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iii) Khong gian b-métric nén (F,d), dugce goi 1a day di néu moi day Cauchy trong F' déu
hoi tu.

1.10 Bé dé. ([5]) Gid st {uy} la day trong khong gian b-métric nén (F,d) va u, — u € F.
Khi do, ta co

i) {un} la day Cauchy;
ii) w la duy nhat;

i11) Voi moiv € F va vdi moi ¢ € intP, ton tai so tu nhién ng sao cho

1
gd(u,v) — ¢ < d(up,v) < sd(u,v) +c,¥n > ny.

1.11 Dinh nghia. Gia sit (F,d) la 1a khong gian b-métric nén va anh xa f : F — F. Anh
xa f duge goi 1a lien tuc néu moi day {u,} trong F ma u, — u ta c6 fu, — fu.

O day va sau nay ta viét fu thay cho f(u) v6i moi u € F.

1.12 Dinh nghia. ([1]) Gi4 st f va g la hai anh xa tit tap X vao X. Diém 2 € X dugc
goi 1a diém triung nhau hay diém chung cia f va g néu fo = gz.

Néu z la diém tring nhau ctia f va g thi diém y = fo = gx dudce goi la gid tri chung
cua f va g.

Diém triing nhau va gia tri chung ctia ba, bén anh xa cling dugce dinh nghia tuong tu.
Cap (f,g) dudc goi 1a tuong thich yéu néu fgxr = gfx, trong dé = la diém chung ctia f va
g.

1.13 Dinh nghia. ([6]) Gia st Ay, ..., A, 1a cac tap con khéc réng ctia khong gian métric
P P ) )

(X,d) va f: U A — U A4 Anh xa f dugc goi la cyclic néu f(4;) C A1, v6i moi
i=1 i=1

i=1,2,...,p, trong d6 A,11 = A;.

1.14 Dinh nghia. ([6]) Ham 1 : [0; +00) — [0;4+00) dudc goi 1a ham chuyén doi khodng
cdch hay thay doi khodng cdch néu 1 lién tuc, khong gidm va ¢(t) = 0 khi va chi khi t = 0.

1.15 Chu y. Trong bai béo nay, néu (X, d) 1a khong gian b-métric nén va trén X c¢6 thi tu
bo phan dugce ky hiéu < thi ta néi (X, <,d) la khong gian b-métric nén c¢6 thi tu bo phan.
Ta ky hiéu

£ = {1 :[0;+00) — [0; +00) | 1 1& ham chuyén dbi khoang cach }

S ={p:[0;+00) x [0;+00) = [0;+00) [p(z,y) =0 &z =y =0,

® (lim inf a,,, lim infbn> < liminf ¢ (an,by) }.

n—00 n—o0 n—oo

1.16 Dinh nghia. ([3]) Gia st (X, <,d) 1a khong gian b-métric c6 thi ty bo phan, A va
B 1a hai tap con dong khac rong cia X sao cho AU B = X. Cho f va g la hai anh xa tu
X vao X. Cap (f,g) duge goi 1a cyclic(i, ¢, A, B)-co yéu kiéu Chatterjea néu
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i) f(A) CB,g(B)CA,

ii) Ton tai v € £,p € S sao cho v6i moi x € A,y € B ma x <y hoac y < x ta c6

d(z,9y) +d(y, fr)
s+1

b (24 (fa,gy)) < v ( ) (. gy) . d(y, f)).

1.17 Dinh nghia. (]9]) Gia st (X, <) la tap c6 tht tu bo phan, A va B la hai tap con cta
X sao cho AUB = X. Cép dnh xa f,g: X — X dugc goi 1a (A, B)-tdng yéu néu fr < gfx
v6i moi x € A va gy < fgy v6i moi y € B.

Hai dinh 1y sau day 1a cac két qua chinh trong ([3]).

1.18 Dinh 1i. ([3]) (Theorem 2.1)Gid st (X, <,d) la khong gian b-métric day di cé thi ty
bo phan vdi tham s6 s > 1, A va B la hai tap con dong khdc rong cia X; f,g: X — X la
hai anh za (A, B)-ting yéu. Khi dé, néu

a) Cap (f,g) la cyclic (1, p, A, B)-co yéu kiéu Chatterjea;
b) f hodc g lién tuc
thi f va g 6 diém bat dong chung uw € AN B.

1.19 Dinh li. ([3]) (Theorem 2.2) Gid si (X, <,d) la khong gian b-métric day di c6 thi
tw bo phan vdi tham s6 s > 1, A va B la hai tap con déng khdic rong cia X; f,g: X — X
la hai dnh za (A, B)-ting yéu. Khi dé, néu

a) Cap (f,g) la cyclic (v, p, A, B)-co yéu kiéu Chatterjea;

b) Khong gian (X, <) la chinh quy, nghia la néu {x,} la day tang trong X va x, — u € X
tht xn, < u vdi moin=1,2, ...

thi f va g 6 diém bat dong chung.

2 Cac két qua chinh

2.1 Pinh nghia. Giad st A va B la hai tap con khéc rong ctia khong gian b-métric nén
(X,d), AUB = X; f,g va T la cac anh xa tot X vao X. Hai anh za f va g dudgc goi la cap
T-cyclic co kiéu Hardy-Rogers néu

i) f(A) CcT(B),g(B)CT(A);

ii) Ton tai cAc hing s6 khong am aq, @, ..., a5 sao cho ag + ag + ... + a5 < 1 va v6i moi
reAyeBtaco
d(fz,gy) < ond(Tz,Ty) + asd (T'z, fr) + asd (T'z, gy) + aad (T'y, fz) + asd (Ty, gy)
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Ta nhan thay rang, trong dinh nghia nay néutalsay A=B=X,f=gvaT: X = X 1a
anh xa dong nhat (tic Tz = z v6i moi z € X) thi ta nhan dugce khai niegm anh xa co kiéu
Hardy-Rogers.

2.2 Dinh li. Gid st A, B la hai tap con déng khdc rong trong khong gian b-métric nén day
di (X,d),AUB = X; f,g vaT la cdc dnh xa tw X vao chinh né théa cic diéu kién sau

i) T don danh va T(A),T(B) la hai tap con déng trong X ;

i) f wva g la cap T-cyclic co kiéu Hardy-Rogers véi cdc hing sé ai, s, ..., a5 théa man

a1 + ag + 2sa3 + as < 1, (1)
a1 + ag + 2504 + as < 1, (2)
(1s+ag+ag)s <1, (3)
(2 +aus)s < 1, (4)

(a5 +azs)s < 1. (5)

Khi do, f,qg va T ¢ diém tring nhau va cé duy nhat mot gid tri chung. Hon nia néu them
gid thiét (f,T) va (g,T) la cip dnh za tuong thich yéu thi f,g va T c6 duy nhat mot diém
bat dong chung.

Chitng minh. Lay g € A, vi f(A) C T(B) nén ton tai #; € B sao cho fxg = Tx;. Do
g(B) C T(A) nén ton tai x5 € A sao cho gz1 = Txs. Tiép tuc Iy luan tuong ty ta xay dung
dugc day cac diem {x,} trong AU B sao cho

a) Top € A, xopy1 € Bvéimoin=1,2,..;
b) fwgn = Tx2n+1, gTon+1 = Tl‘gn_;,_g,vn = 0, 1,

Vi f va g 1a cip T-cyclic co kiéu Hardy-Rogers va 2, € A, Ton+1 € Bnénv6imoin = 0,1, ...
ta co

d(Tzon+1, TTan12) = d (fr2n, gTont1)
< a1d (Tw2n, Trony1) + asd (Txan, fran,)
+ azd (Txan, 9T2n+1) + ad (Tx2n41, fT2n)
+ asd (Tzony1, 972n41)
= a1d (Txon, Tront1) + aod (Txon, Txoni1)
+ aisd
+ asd (Txony1, TT2n12)
< a1d (Txon, Txont1) + caod (Txon, Txon11)
+ ags|d(Txon, Txont1) + d(Txont1, Txont2)]
+ asd (Tzony1, Txont2) -

~~ o~

Txon, Txont2) + cad (Txont1, Txonst1)

—~ T
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Do doé
a1 + a9 + sa
d(Txons1, Trons2) < #d (Txon, Troni1)
—a3s —as
= rd (Tzop, Trony1),¥n =0,1,..., (6)
trong do

a1+ o+ sas

1—azs—as
Tuwong tu ta c6
d (T.Z‘Qn, T$2n+1) S qd (Txgn_l, Txgn) ,Vn = 0, 1, veey (7)

trong do

a1 + as 4+ say

1= 1 —say — ay

T (1) va (2) suy ra r va g € [0,1). Dat
A :=max (r,q) € [0,1).
T (6) va (7) suy ra
d(Txp, Trpe1) < M (Txp-1,Tzy),Vn=1,2, ..,
Bat déng thic nay chiing to
d(Txzy, Trpy1) < XN'd(Txo, Tx1),Yn=1,2, ..., (8)

Vi X € [0,1) nen A" — 0 khi n — oo. Két hgp vé6i (8) suy ra d(Tzy, Txpe1) — 0 khi
n — 00, tic 14 véi moi ¢ € intP ton tai s6 tu nhién n. sao cho

d(Txp, Taps1) < ¢, ¥n > ne. 9)
Tiép theo, ta ching minh {Tx,} 1a didy Cauchy, tiic chitng minh véi moi ¢ € intP ta c6
d(Txn, Trpik) < (10)

v6i moi s6 ti nhién n da 16n va véi moi sé tu nhién k.
Tit (9) va tit bat dang thitc

d (T$n, Txn—l—k) < sd (TJ,‘n, Txn—i—l) + sd (Txn-i-l) T$(n+1)+k71)

v6i moi n va v6i moi k, suy ra chi can chitng minh bat déng thitc (10) ding v6i moi sb tu
nhién n da 16n va v6i moi s6 tu nhién k 1é 1a du.
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Gia st k 1a s6 tu nhién 1& va n 14 s6 tu nhién chén. Khi d6, x,, € A va 2,41 € B. Do d6
Txy = gTn—1,TTnix = frpix_1. TU do, st dung diéu kién co ta c6

d(Txn, Txniy) = d(frnik—1,9Tn—1)
<ad(Txpigp—1,Txn-1)+ aod (Trpik—1, TTnik)
+aszd (Txpik—1,Txn) + cad (Txp—1,TTp 1)
+ asd (Tep—1,Txy)
< arsd (Txpyh—1,Tpir) + a15°d (T pp, Txy)
+ o1 8%d (Txp, Txp_1) + aod (Txpip—1, TTpir)
+ assd (Trpik—1, TTnik) + assd (Txp ik, Txy)
+ aygsd (Txp—1,Txy) + assd (Txy, Txp k)
+ asd (Txp—1,Txy) .
Do dé
2 _ ass— 0443) d(Txp, Trpik) < (@15 + ag + a3s)d (Txpik—1, TTpik)
+ (04132 4+ ays + a5) d(Txp—1,Txy,) .

(1 — a8

2

Tu dieu kién (3) suy ra 1 — a15* — ags — aygs > 0. Do do

d (T, Tansr) < 18 + a9 + a3s

S T —— a48d (Tntk—1, TTnk)

a132 + ay4s + as
1— o182 —a3s —ays

d(Tzn_1,Tp) . (11)

T (9) va (11) suy ra
d(Txn, Trhper) < (12)
v6i moi n chin dii 16n va v6i moi k 18. Tt (9) va (12) va bat déng thiic
d(Txp, Trniy) < sd(Txp, Trnir) + s°d (Txnig, TThirg1)
+ s%d (Tan, Tm(nH)Jrk)
suy ra

d(Txp, Trper) < c

v6i moi n di 16n va v6i moi k 1é. Nhu vay (10) ding v6i moi n d 16n va véi moi & 16. Do
d6 theo 1ap luan & trén ta két luan duge (10) ding véi moi s6 tuw nhién n da 16n v véi
moi s6 tu nhien k, tic {Tx,} 1a day Cauchy. Vi (X,d) la khong gian day di nén ton tai
y € X sao cho Tz, — y. Tu do suy ra Txa, — y va Txo,11 — y. Theo cach xay dung
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day {z,} ta c6 {z2,} C A, {z2n+1} C B. Két hop véi tinh déng cia T'(A) va T(B) suy ra
y € T(A)NT(B). Mat khac, T 1a don anh nén tit y € T(A)NT(B) suy ra ton tai x € ANB
sao cho y = Tx. Nhu vay Tx, — Tx = y.

Bay gid, ta ching minh x 1a diém trung nhau cta f,g va 7. Vi 2 € AN B nén s dung
diéu kién co ta co

d(y, fz) < sd(y, Txont2) + sd (fr, Trons2)
= sd (y, TTon+2) + sd (fx, gTon+1)
< sd(y, Txont+2) + s[ard (Tx, Txony1)
+ aod (T, fx) + agd (Tx, Tront2)
+asd (Tront1, fx) + asd (Txont1, TTont2)]
< sd(y, Txon+2) + slard (Tx, Txoni1)
+ agd (y, fz) + asd (y, Tzan+2)
+ sayd (Txont1,y) + saud (y, fz) + asd (Txont1, Txont2)].

Do dé6

(1—ags —aus®) d(y, fr) <s[d(y, Trant2) + oad (y, Twani1)
+ azd (y, Txont2) + soud (y, Twon1)
+ asd (Tl’2n+1, Tl‘2n+2)],vn =0,1,....

Tt Tx,, — y suy ra v6i moi ¢ € intP ton tai s6 tu nhién n. sao cho véi moi n > n. ta c6

(1 — Q28 — 04432) d (ya f$) <s [(1 + 043) d (y7 Tx2n+2)
+ (o1 + ags) d (y, Txont1) +asd (Txoni1, TToni2)] <K

Do doé
(1 — ass — aus?) d(y, fr) < ¢,Ve € int P. (13)
Tit didu kien (4) suy ra 1 — ags — ays? > 0. Do d6 tir (13) va Bo dé 1.4 wiii) suy ra
d(y, fr) = 0, tiic y = fz. St dung diéu kién (5), bang cach tuong tu nhu trén ta ching
minh duge y = gx. Nhu vay ta c6
fr=gr=y="Tz,

tic = 1a diém trung nhau ctia f,g va T con y la gié tri chung ctia f,g va T.

Gia st f,g va T ¢6 them mot gid tri chung nita, ky hiéu 13 w. Khi d6, ton tai z € X =

AUBsaocho fz=g2=Tz=w. Gidst z€ B. Khido, viz € A

d(y,w) =d(fz,gz) < ard (y,w) + azd (y,y)
+ asd (y, w) + asd (w,y) + asd (w, w)
= (051 + a3 +a4)d(y,w) .

30



Truong Dai hoc Vinh Tap chi khoa hoc, Tap 49 - S6 3A /2020, tr. 22-36

Vi o + a3 +ay < 1 nén tit bat dang thiic nay suy ra d(y,w) = 0. Vi thé y = w. Néu z € A
thi st dung «* € B va chiing minh tuwong tu ta cling nhan dugc y = w. Nhu vay, gia tri
chung ctia f,g va T 14 duy nhat.

Cudi ciing, gia st (f,T) va (g,T) 1a cac cap tuong thich yéu. Khi d6, vi x 1a diém chung
cua f,g va T nén

fTx =T fx va gl'xr =Tgx
Do d6 fy = gy = Ty. Diéu nay ching to6
u:=fy=gy="Ty )

cing la mot gia tri chung ctia f, g va T'. Vi gia tri chung ctia f, g va T' la duy nhat nén ta
c6y=u= fy=gy =Ty, tic y la diém bat dong chung duy nhat ctia f,g va T. O

Sau day 1d mot s6 hé qué ciia Dinh 1y 2.2.
Trong Dinh 1y 2.2 14y as = a5, a3 = a4 ta nhan dude két qua sau.

2.3 Hé qua. Gid st A, B la hai tap con déng khdc rong trong khong gian b-métric nén day
di (X,d),AUB = X; f,g vaT la cdic dnh xa tu X vao chinh né théa cic diéu kién sau

i) T don danh va T(A),T(B) la hai tap con déng trong X ;

i) f va g la cap T-cyclic co kiéu Hardy-Rogers vdi cic hdng s6 oy, s, as, ay, a5 théa
man

Q5 = Q; 3 = Oy,
a1 + 2ag + 2saz < 1,
a1s® 4 2035 < 1,

a9s + a332 <1,

d(fr,gy) < ard(Tz, Ty) + oz [d(Tz, fz) + d(Ty, gy)] + as [d (Tz, fy) + d (Ty, gx)],

vdi moi x € A,y € B.

Khi dé, f,qg va T c6 diém trung nhau va cé duy nhat mot gid tri chung. Hon nia néu
them gid thiét (f,T) va (g, T) la hai cip dnh xa tuong thich yéu thi f,g va T c6 duy nhat
mot diém bat dong chung.

Trong Dinh Iy 2.2, lay T': X — X Ia 4nh xa dong nhat ( tic To = x v6i moi z € X)
ta nhan duge hé qua sau.

2.4 Hé qua. Gid s A, B la hai tap con déng khdc rong ciia khong gian b-métric nén day
di (X,d), fvag: AUB— AUB la hai dnh za théa man

i) f(A) C B,g(B) C A;

ii) Ton tai cdc hang s6 khong am i, as, ..., as sao cho
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a1 + ag 4+ 2a3s + ag < 1,
a1 + ag 4+ 2a45 + ay < 1,
(18 + as + ayg) s < 1,
(g + ays)s < 1,

(a5 +azs)s < 1

V4
d(fz,gy) < and(z,y) + azd (z, fz) + azd (x, gy) + cud (y, fr) + asd (y, gy)

vdi moi x € A,y € B.
Khi dé, f va g c6 duy nhat mot diém bt dong chung.

Nha Hé qué 2.4 ta thu duge hé qué sau.

2.5 Hé qua. Gid st (X,d) la khong gian métric nén day di va f: X — X la anh za co
kiéu Hardy-Rogers, tic la ton tai cdc hiang sé khong am a1, as, ..., as sao cho

oapt+ag+...tas<1 (14)
va

d(fz, fy) < ond(z,y) + ond (z, fz) + asd (z, fy)

+ aud (y, fr) + asd (y, fy) ,Vz,y € X. (15)
Khi dé, f c6 duy nhat diém mot bat dong trong X.
Chitng minh. Tu (15) suy ra

d(f1:7fy) :d(fyvfx) gald(x,y)+a2d(y,fy)+a3d(y,fx)

Voud (z, fy) + asd (z, fz) Yz, y € X. (16)
Tit (15) va (16) suy ra
A(fz, fy) < aad (w,9) + 222 d (o, o) + d (y, 1)
+ 5T A e, fy) +d(y, f2)] Yy € X. (17)
Dat
fr=an,fy= D100 5 = B g gy s = 6y
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Khi d6 (17) trd thanh

+ Bad (y, fr) + Bsd (y, fy) ,Vo,y € X.

Ta c6

Pr+P2+20s+ 0 =a1+az+...+a; <1,
B1+ B2+ 284+ Bs < 1,

B+ B3+ B4 < 1,

B2+ Bs= B3+ B5 < 1.

Nhu vay, cac dieu kién ctia He qua 2.4 dude théa man véi f = g,s =1 va A= B = X. Do
do6 két luan can chitng minh dugc suy ra tit He qua 2.4. O

2.6 Dinh li. Cho (X, <,d) la khong gian b-métric nén day di, A va B la hai tap con déng
khdc rong sao cho AU B = X. Gia st f,g: X — X la cip dnh xa (A, B)-ting yéu théa
man cac dieu kién sau

i) f(A) C B,g(B) C A;

ii) Ton tai cdc hing so6 khong am oy, s, ...,a5 sao cho cac diéu kién (1),(2),(3),(4),(5)
trong Dinh lij 2.2 dugc théa man va

d(fz,gy) < oqd(x,y) + aod (z, fz) + asd (z, gy)

+ aud (y, fz) + asd (y, gy) (18)
vdi moix € A,y € B ma x <y hodcy < x;
iii) f hodc g lién tuc, hodc (X, <) chinh quy.

Khi dé, f va g c¢é c¢6 diém bat dong chung trong AN B. Hon nita, néu thém gid thiét cdc
diém bat dong chung cia f va g so sanh dugc vdi nhau thi diém bat dong chung cia f va
g la duy nhat.

Chitng minh. Lay xo € A va dit o1 = fzg € B,x9 = g11 € A, 13 = fo € B. Tiép tuc ly
luan tuong tu ta xay dung duge day {z,} C X sao cho

(a) xop € A, xop41 € B,¥n =0,1,...,
(b) men = Ton+1y9T2n+1 = (E2n+2,vn = 07 17 weey

Vi (f,g) 1a cap anh xa (A, B) tdng yéu nén

Ton+1 = fTon < gfTon = Tont2 = 9Tont1 < f9Tant1 = Tany3
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véi moi n = 0,1, .... Nhu vay cac s6 hang ctia {z,,} 14 doi mot so sanh duge véi nhau. Do
dé, ta c6 thé ap dung diéu kién co (ii) cho cac s6 hang cta {z,}.
Mat khac day {x,} chinh la day {T'z,} trong chiing minh Dinh 1y 2.2 v6i T la 4nh xa dong
nhat tréen X. Do d6, tiép tuc lap lai chitng minh ctia Dinh 1§ 2.2 va thay Tz, bdi x, ta
nhan duge day {z,} la day Cauchy va x, —y € AN B.

Bay gio, gia st f hodc g lién tuc. Gid st f lién tuc. Khi do, tt z,, — y suy ra xo, — ¥y
VA Zopi1 — Y. Do d6 fxo, — fy hay x9,.1 — fy theo B6 dé 1.10 thiy = fy. Viy € ANB
va y <y nén

d(y,g9y) = d(fy,g9y) < aud (y,y) + a2d (y, fy) + azd (y, gy)
+ aud (y,y) + asd (y, gy)
= (a3 + a5) d (y, 9y)

Két hop v6i (as + as5) < 1 suy ra d(y, gy) = 0 tic y = gy.
Nhu vay y 1a diém bat dong chung ciia f va g.

Truong hgp ¢ lién tuc duge chitng minh tuwong tu.

Cudi ciing, gia sit u ciing 1a diém bat dong chung ctia f v ¢ va u so sanh dugc véi y.
Khi dé6, ti f(A) C Bvag(B) C Asuyraue€ ANB. Do dé

d(y,u) = d(fy,gu) < ard (y,u) + azd (y, fy) + azd (y, gu)
+ a4d (U, fy) + Oé5d ('LL, gU)
= (o +az+as)d(y,u).

Tt a1 + a3 + a4 < 1 suy ra d(y,u) = 0, titc y = u. Vay diém bat dong chung ctia f va g la
duy nhat. O

2.7 Chu y. Trong trusng hop (X, d) la khong gian b-métric that sy nghia la s > 1 thi hai
Dinh 1y 1.18 va Dinh 1y 1.19 ttic Dinh 1y 2.1 va Dinh ly 2.2 trong ([3]) 1a truong hgp dac
bigt ctia Dinh 1y 2.6 khi 1y

1

= = = :0 _- .
a1 = 02 =03 = 05 ) (4 2 (s 1 1)

That vay, néu cic gia thiét cia Dinh 1y 1.18 ho#ic Dinh 1y 1.19 dudc théa man thi tit dieu
kien f vd g : X — X la hai 4nh xa (A, B)-tang yéu va la cap cyclic (¥, ¢, A, B)-co yéu kiéu
Chatterjea ta c6

d(z,g9y) +d(y, fr)
s+1

b (24 (Fz,g9)) < v ( ) o (d(w.gy) . d(y. f)).

Vi 1 14 ham khong gidm va ¢ > 0 nén tit bat ding thic trén suy ra

d(z,g9y) +d(y, fr)
s+1

s?d (fz,gy) <
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hay

d(z,gy) +d(y, fz)
s2(s+1)

d(fr,gy) < = ay [d(z, gy) + d(y, fr)]

véimoix € A,y € Bma x <y hoicy < z.

Tu day suy ra diéu kien (18) trong Dinh ly 2.6 dugc théa man. Mat khéc ta dé dang
kiém tra dugc cac diéu kien con lai ctia Dinh 1y 2.6 ciing dude théa méan véi s > 1. Vay
Dinh 1y 2.1 va Dinh 1y 2.3 trong ([3]) 1a truong hgp dac biét ctia Dinh ly 2.6 khi (X, d) 1a
khong gian b-métric v6i s > 1.
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SUMMARY

ON EXISTENCE OF COMMON FIXED POINT
FOR CYCLIC T-HARDY-ROGERS TYPE CONTRACTIVE PAIR
IN CONE »-METRIC SPACES

In this paper, we introduce the notion of a pair T-cyclic Hardy-Rogers contractive maps
and establish some common fixed results for this class of mappings in cone b-metric spaces.
These results extend generalize well-known results.

Keywords: Common fixed point; contraction; T-cyclic Hardy-Rogers type contraction;
cone b-metric space.
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